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　　Abstract　　Analy tical solut ions of governing equat ions of various physical phenomena have thei r ow n irreplaceable theoretical mean-
ing.In addit ion , they can also be the benchmark solut ions to verify the outcomes and codes of numerical solut ion , and to develop various

numerical methods such as their dif ferencing schemes and grid generat ion skills as well.In order to promote the development of the disci-
pline of natural convect ion , th ree simple algebraically explicit analy tical solution sets are derived for a non-linear simultaneous part ial dif fer-

ential equation set with f ive dependent unknow n variables , w hich represen ts the natu ral convection in porous media w ith both tem peratu re
and concentrat ion gradients.An extraordinary method separating variables wi th addition is applied in this paper to deduce solutions.

　　Keywords:　explicit analytical solution , natural convection , porous medium , temperature gradient , concentration gradient.

　　Heat and mass transfer in porous media is an im-
po rtant process in many fields such as in petroleum

and geothermal reservoi r engineering , thermal tech-
nique in building , nuclear reacto r design , environ-
ment protection , casting technolog y , drying technol-
ogy and so forth.It is necessary to research such phe-
nomena in depth.

The tw o-buoyancy natural convection in po rous
media with bo th temperature and concentrat ion gradi-
ents is studied in this paper.Such phenomenon has
not yet been researched in detail.The steady geomet-
rically 2-D governing equation sets of such a phe-
nomenon is given by Ref.[ 1] as follow s:
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where u and v are the velocity components in x and

y coo rdinates;p is pressure;θ and C are non-
dimensional temperature and concentration;N , Ra ,
Le and Ru are ratio of buoyancy forces , Ray leigh
number , Lewis number and non-dimensional parame-

ter represent ing g ravity respect ively .A detailed nu-
merical solut ion of Eqs.(1)～ (5)w ith all non-dimen-
sional parameters being equal to constant is g iven by

Ref.[ 1] , and some qualitat ive rules are given also.

Analytical solutions of governing equations of

various disciplines have been very important for their

development.For example , the analy tical solutions of
incompressible f low and constant coefficient heat con-
duction in early days have been the bases of fluid dy-
namics and heat transfer[ 2 , 3] .However , to derive
analy tical solut ions wi th given initial and boundary

conditions are very diff icult , especially for the com-
plex governing equations.In addition , owing to the
rapid development of computers and numerical meth-
ods , concrete problems tend to be solved w ith compu-
tational fluid dynamics and computational heat and

mass t ransfer.Nevertheless , analytical solutions have
thei r ow n irreplaceable theo retical meaning.They can
also be the benchmark solutions to develop numerical

methods , for example , to verify the accuracy , con-
vergence and effectiveness of various numerical ap-
proaches , and to improve various numerical methods
such as their dif ferencing schemes and g rid generat ion

skills as well.For example , several analy tical solu-
tions w hich can simulate the 3-D po tential flow in

turbomachine cascades were given by the first au-
thor[ 4] about tw enty years ago , which have been used



successfully by some references of computational fluid

dynamics.Therefore , some possible algebraically ex-
plicit analytical solutions of abovementioned Eqs.(1 ～
5)are derived in this paper to develop the heat and
mass transfer related to the tw o-buoyancy natural
convection in porous media w ith both temperature

and concentration gradients.

Since the main aim is to find possible analy tical

solut ions but no t solutions for given initial and bound-
ary conditions , the derivation approach in this paper
is different f rom the common method.We find the
possible solutions of Eqs.(1 ～ 5)first , and then de-
cide w hat thei r boundary conditions are.Such an ap-
proach is similar to the derivation of typical basic ana-
lyt ical solutions of incompressible fluid dynamics in

early time.

The abovementioned basic equation set is in

strict sense a non-linear simultaneous partial dif feren-
tial equation set w ith five dependent unknown vari-
ables.Even all coef ficients are constants , i t is not
easy to derive solutions , so some ex trao rdinary ap-
proaches are applied in the following parag raphs.

1　The first algebraically explicit analytical
solution set

For deriving analyt ical solutions of partial differ-
ent ial equations , we have applied a simple ex traordi-
nary method[ 5 ,6] —a method of separating variables
w ith addition.In this approach , we assumed an un-
known function f(t , x)=T(t)+X(x)instead of
f(t , x)=T(t)X(x)in the common method.It is
found that this approach can obtain solutions of some

equations having no t yet obtained any analytical solu-
tions before. In this paragraph , we apply this

ex traordinary approach to the abovementioned non-
linear simultaneous basic equation set with f ive depen-
dent unknown variables to obtain analytical solutions.

Actually , the basic equation(1)can be satisf ied
w ith the tw o-dimensional st ream function ψcommon-
ly used in fluid dynamics.For incompressible f low ,

u=
 ψ
 y
and v =-

 ψ
 x
.Then the basic equation set

can be degenerated into a simultaneous equation set

w ith only four dependent variables.

If w e assume that

ψ=X 1(x)+Y 1(y), 　p =X 2(x)+Y 2(y),

θ=X 3(x)+Y 3(y), 　C =X 4(x)+Y 4(y),

substituting abovementioned four expressions into

governing equations(2 ～ 4), we obtain:

Y′1 =-X′2 , (6)

-X′1 =-Y′2 -Ru +Ra(X 3 +Y 3)

-NRa(X 4 +Y 4), (7)

X″3 +Y″3 =Y′1 X′3 -X′1 Y′3 , (8)

X″4 +Y″4 =Le(Y′1 X′4 -X′1 Y′4). (9)

From Eq.(6), it is deduced:
Y 1 =K1 y +K 2 , (10)
X 2 =K 3 -K 1 x , (11)

where K 1 , K 2 and K 3 are arbit rary constants.In fol-
low ing equations , K i represent different arbit rary

constants.

Substi tut ing Eq.(10)into Eqs.(8 ～ 9), it is

obvious that X′1 has to be constant in order to make
separating variables possible (it is able to separate

variables w ith X″3=0=Y″4 also , but there is a diff i-
culty later to derive solutions , we give up such simpli-

fication).With X′1=-K 4 , then

v =-X′1 =K 4. (12)

Eqs.(8)and(9)then can be separated as:

Y″3 -K4 Y′3 =K 6 =-X″3 +K 1X′3 , (13)

Y″4 -K 4 LeY′4 =K 10 =-X″4 +K 1LeX′4.(14)

　　Solving both sides of Eqs.(13 ～ 14), i t is ob-
tained:
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　　Then , the only function that has to be solved
now is Y 2.Substituting Eqs.(12)and(15 ～ 18)in-
to Eq.(7), it is understood that there are two possi-
bilit ies to separate v ariables to derive Y 2.The fi rst
one needs K9=0=K 12 , K 6=NK 10/ Le;the second
one needs Le=1 , K9=K12N and K 6=K 10N.Sub-
stituting the fi rst condit ion into Eq.(7), i t is de-
rived:

Y 2 =-(K 4 +Ru -K 5Ra +NRaK 8)y
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　　Combining Eqs.(10 ～ 12)and Eqs.(15 ～ 19),
i t is able to obtain an algebraically explici t analy tical

solut ion set of governing equations(1 ～ 5):
ψ=K 1 y +K 2 -K 4 x(u =K 1 , v =K 4),

(20)
p =K 3 -K 1 x -(K 4 +Ru -K 5Ra +K 8NRa)y
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Substituting the second condit ion mentioned

above , with similar derivation , it is deduced that
Eqs.(20 ～ 21)are still effective , but Eqs.(22a)and
(23a)have to be replaced by follow ing equations:
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This solution needs Le =1 and i ts applicable
range is more narrow than the previous solution , but
i t can still be a benchmark solution for computational

fluid dynamics and computational heat and mass

transfer. Moreover , if N=1 , K 7=K 11 and

K 5=K 8 , the non-dimensional temperature f ield and

non-dimensional concentration field of this solution
are exactly the same , which is a special solution.The
abovementioned tw o solutions are similar , but they
are independent of each other.The former can in-
clude the influence of Le , while the lat ter only de-
scribes the special condition of Le=1.

The velocities of both solutions are constant ,
then it is unable to simulate the natural convection in

a not inclined and rectangular box as done by Chen et

al.[ 1] But at least they can st rictly and simply reflect
the physical condition of some element in a large

porous material.The boundary condi tion of the ele-
ment just satisfies what is described by Eqs.(20)～
(23).They are still useful as benchmark solutions.

If K 1 =0 =K 6 =K 12 , bo th solutions describe
the natural convect ion in porous media between two

infinite vertical parallel solid plates moving up o r

dow n with the same velocity.In this case , the fluid

in the porous media is moving w ith the same velocity

as the plates , and there are no temperature and con-
centration g radients across the solid plate boundary;
the pressure , temperature and concentration are func-
tions of y only .Even the physical boundary condi-
tions are clear , but actually these two are one-dimen-
sional solutions.Of course , they can be the bench-
mark solutions also.

Furthermore , when all constants K i ≠0 , these
solutions describe the natural convection betw een tw o

infinite inclined solid plates wi th the g radient equal to
K 4/K 1.However , there w ill be temperature and

concentration gradients across the solid plate bound-
ary.

2　The second algebraically explicit analytical
solution set

Similar to the previous paragraph , deducing
Eqs.(6)～ (12)with the approach of separating vari-
ables with addition , and then assuming K 4 =0 , it is
possible to obtain the following four relations instead

of Eqs.(15)～ (18):
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Substi tut ing Eqs.(24)～ (27)into Eq.(7),
similar to the previously described , it is understood
that the Y 2 can be derived only w hen K 9=0=K 12

and K 6=NK 10/ Le , or Le=1 , K 9 =K 12 N and K 6

=K 10 N .Fo r the fi rst case , the total solution is as
follow s:

ψ=K 1 y +K 2　(u =K 1 , v =0), (28)
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For the second case , Eq.(28)is still ef fective ,
but Eqs.(29a)～ (31a)have to be changed to

p =K 3 -K 1 x -[ Ru -Ra(K8 -NK 13)] y

+Ra
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2 y
2
, (29b)
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The relation betw een abovement ioned two solutions is

similar to the relation between the solutions in the

previous section.The solutions in this section repre-
sent the natural convection in porous media betw een

tw o inf inite horizontal parallel solid plates moving

w ith the same veloci ty , and the f luid in the po rous
media is moving with the same velocity as the plates.
However , the pressure , temperature and concentra-
tion of these solutions are functions of bo th x and y ,
so it is more valuable to be benchmark solutions.

3　The third algebraically explicit analytical
solution

Similar to the preceding section , but choosing v

=K4 and u =0 instead of u =K 1 and v =0 , with
analogous derivation , the following solution is de-
rived:
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　　The phy sical feature of this solution is the natu-
ral convection in porous media between two inf inite

vertical parallel solid plates moving w ith the same ve-
loci ty , and the f luid in the media is moving with the
same veloci ty as the plates.

4　Concluding remark

Applying the approach of separating variables

w ith addition , we derive three sets of simple and clear
algebraically explicit analytical equations describing

the natural convect ion in po rous media with both

temperature and concentrat ion g radients.Besides the
theo retical meaning , they are more suitable to be the
benchmark solutions to check and improve the com-
putational fluid dynamics and computat ional heat and

mass transfer.Since the derived expressions are very
simple , various typical curve drawings are omit ted to
save space.
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